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If <P(x) is defined on [-I, I], let Ln(<P, x) denote the Lagrange interpolation
polynomial of degree n (or less) which agrees with <P(x) at the equidistant nodes
xk.n= -I + (2k)jn (k = 0, I, ..., n). The classical Newton-Cotes integration formula
approximates J~l <P(x)dx by J~ILn(<P,x)dx. In this paper we present a very
simple example of an analytic function <P(x) for which :imn~ x J~ I Ln(<P, x) dx"#
J'-, <P(x) dx. [' 1991 Academic Press, Inc.

If lP(x) is a real-valued function defined on the interval [-1, 1], the
Lagrange interpolation polynomial of degree n (or less) which agrees with
lP(x) at the equidistant nodes

k=O, 1,2, ..., 11,

will be denoted by Ln(lP, x). It is well-known (see Davis and
Rabinowitz [1]) that

rl

Ln(lP,x)dx= £ ;·k.nlP(Xk,n).
0-1 k=O

and this formula is often called the Newton-Cotes integration formula.
A classical result in numerical integration is that there is a continuous

function lP on [ -1, 1] such that

.1 .1

lim J Ln(lP,x)dx#/ lP(x)dx.
n_x --1 -'-1

This result follows immediately from each of the independent results of
J.Ouspensky [4] (1925), R. O. Kusmin [2] (1931), and G. P6lya [5]
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(1933). (Note that "Ouspensky" is usually spelt as ''Uspensky,'' but not
in [4], and that Kusmin's proof is the basis of the proof of this result
presented in Natanson [3, pp. 129-136].)

Unlike the proofs of Ouspensky and Kusmin, P6iya's proof is construc
tive. He shows that

,.\ "1

lim I L,,(g, x) dx of- I g{x) dx,
fl_ x:. ':-1 "'-1

..."here
ex.

g(x)= - L ak~sin(k!1r(x+1)/2)sec(1r(x+1):'2)
k~4

and 1.2 < a < 1. P61ya's function not only is continuous on [ -1, 1], but is
also analytic on this interval. However, it is a very complicated example.

The aim of t~is paper is to present a much simpler example based on 'l

famous result of C. Runge [6] (1901) which states that if

-1 ::S;x::S; 1,

then the sequence {L,,(l1, x) : n = 1, 2, 3, ... } does not converge to h(x)
uniformly on [ -1, 1]. An immediate consequence of the theorem below is
that

.1 .1

lim I L,,(h,x)dxof-I h(x)dx.
n-x"'-l .... -1

and hence we have a very simple function h(x) which is analytic on
[ -1, 1] and for which the Newton-Cotes integration formula is divergent.
Our main result is as follows.

THEOREM. Suppose N> 0, and define

Then, as n -> X:.

r 1 !
log (_1)1~[n2] I (L,,(fv,x)-f....(x))dx~

• -I j

~l' ( 2N ) tan -leV -I) 7t -, 3.= 11 log. + - -.1--log n - 2 log log n
..j N 2 + 1 N 2lV~ 2

(
8N.jbe) (1 + (- 1Y) T • , _ 1 \ /j \

+log (N 2+1)32 + 2 . log1\-r-O((1ogn) j. \11
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Hence the statement
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(2)

(3)

.1 .1

lim i Ln(fy, x) dx = J fy(x) dx
ll----)o X oJ -1 -1

holds true if and only if N:::; No, where No (~1.9029) is the single positive
root of the equation

I (
2N ) tan-I(N- 1

) n
og I ~ J + T -r= O.

'oJ N - + 1 1'v 2lV

Before establishing the theorem, we need to obtain a convenient
representation for the error in approximating S~ 1 fv(X) dx by
S~l L,,(fy, x) dx.

LBfMA. Define

Gn(t) = n- I sin(nt) r(n + 1- t) r(l + t).

Then

el

I (Ln(fv, x) - fAx» dx
• -I

2n

N 11'(n/2 + 1+ in/2NW

x 1m [cosec (nn + inn) (2 , Gn(t) T dtJ.
2 2N.o n/2 + in/2lv - t

Proof From Lagrange's formula for interpolation polynomials we have

n

= L (-l)k/'v(xk)
k~O

(n-n(1 +x)/2)(n-l-n(1 +x)/2) .. , (l-n(1 +x)/2)( -n(1 +x)/2)x-'----'--------'-'--'---,,---'---'--'-----' --'---'--'---'-'-'----'-
(k - n(1 + x)/2) k!(n - k)!

(
n(I+X») n (-I) k7I fv(x k)

=G" 2 k~0(k-n(l+x)/2)k!(n-k)!·
Also,

/'v( Xk) = 1 + ,~2 2 = Re ( 1 + ~ tV ). x k L Xk

n ( 1 )=-Im .
2N k - n/2 - in/2N

(4 )
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By using (3) and (4), together with the fact that Ln(f\, x) is even, we
obtain

.1

I L,,(!v, x) dx
'~1

:.0

= 2L,L,,(f\, x) dx

= il i,a G (no +x))
N ';-.1" 2

[

" (_I)h 1 1 ,

x 1m L (k (1 )'2)(k 'J : 1"<\'\' 1(- '\1 Iaxk~O -n +x / -n,:_-,nL.l'jK. n-k,.J

2 ,." 2 ~l " (-1)k -i- 1 1=-1 G,,(t) 1m I '~ , Jdt. (5)
N· a k~o(k-t)(k-n'L-in"2N)kl(n-k):

We will need the notation

q
(a)k=) ,
, tala + l)(a + 2)··· (a+k-l),

if k=O.

if k= 1,2.3....,

and the hypergeometric function is defined by

Of: ( ) (b\ k"'( b' . 7) = ~ ,a k ,k :::riG, ,C, ~ L I' , •

k~O \e)k k:

Then, if t is not an integer, we can write

" ( _1)k + 1
)'
k~O (k - t)(k - ni2 - in/2N) k!(il - kr

1 r " (_1)k +- 1

t - ni2 - in/2N Lk~O (k - t) k:(n - kr
" (_I)k-'-1 ,

- k~O (k - n/2 - in/2N) k!(n - k)!J

1 r~ f (-n)Kl-t)k
n!(t-n/2-in/2N)Lt hO (-t+lhk!

1 "(" ,., . '2 on •_ L - n )k \ - 11:' L. - In.: H Jk j

(ni2 + in/2N) k~O (-n/2 - in/2:Y + l)k k! J
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From the well-known result
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r(c) 1(C - a -- b)
F(a,b;c; 1)= r(c-a)r(c-b)'

which is valid if c is not a negative integer or zero, and Re(c - a - b) > 0,
we deduce that

" ( _1)k + 1

k~O (k - t)(k - nl2 - in/2N) k!(n - k)!

1 [1 1(1- t) 2N r( -n/2 - in/2N + 1)J
= t - nl2 - in/2N t 1(n + 1- t) n(N + i) r(n/2 - in/2N + 1)

1

t - n/2 - in/2N

x [_1_ 2N n J
G,,( t) n(N+ i) 1(n/2 + in/2N) r(n/2 + 1- in/2N) sin(nnl2 + inn/2N)

1 [1 n cosec(nn/2 + inn/2N)]
= t-n/2-in/2N G,,(t) - lr(n/2+ 1+in12NW . (6)

Substituting (6) into (5) yields

.1 2 ",,:2 dtI L,,(f.y, x) dx = >.T 1m J t '2 . '2TV
•.- 1 H 0 - n( - 111( 1

2n

+ N [r(n/2 + 1+ in/2N) I2

[ (
nn inn) ,·,,:2 G (t) J

x 1m cosec - +- ," , dt .
2 2N Jo n/2 + in/2N - t

The required statement (2) then follows from the observation that

2 .,,:'2 dt tan -1 N .1

-1m I ,2 I f.y(x)dx.
N ·0 t - n/2 - in;2N N • - 1 . ,

Proof of the Theorem. We begin by using an approach due to Kusmin
[2] to investigate the asymptotic behaviour of the integral

r
,,:2 G (t)

11 dt
·0 n/2 + in/2N - t

that appears in the right-hand side of (2). Define

log log n + log log log n
:Y. = --=-=----=---='---=--

log n
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and write

",,2 Gn(t) dt=I"~+i2+i·n2 GIl(t) dt
..
1
0

. I I ''''\

n/2+in/2N-t ·'0 J'Y. ·211;2+iniL.N-t

We first consider 13 , If 2 :!( t :!( n/2, then

I
n in 'I' -1 2iV
-+--t :<-
2 2N i '" 11 '

and

r(n + 1- t) T( 1+ t):!( r(n - 1) 1(2) = (n - 2l!.

Thus

, (n \(n-2)l2,NII 1:< -_'J) . -
.3-....::: 2"" n n'

and so, as n ---> ::G,

'il, 1

(8)

Next, consider 12 , From the Maclaurin expansion of log 1(11 + 1- f), it
follows that for O:!( t:!( 2, we have, as n ---> ::G,

log r(n + 1 - t) = log T(n + 1) - t log n + O(n -1 t,

or

Furthermore, for 0 :!( t :!( 2 we have r(1 + t) :!( 2. [sin 1I t I :!( nt, and

(
n in )-1 2N .
2+ 2N - t = n(N + i) (1 + O(n -!)).

Thus, as n ---> x,

(
(n-l)!\

= 0 (log n)3)-

640661-8

(9)

( 10)

( ! 1)
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Finally, consider II' Upon using (9) and (10), together with the relations
T(I+t)=1+0(t) and sinnt=nt+0(t3

) for O~t~'Y., we find

II = 2N(~ -.1 )! (J" x
te- t log" dt + 0 (CO, t2e-tlog" dt))

N + I 0 '0

2N(n - I)! ( (1))= 1+0 - .
(N + i)(log 11)2 log n

Using (8), (11), and (12) in (7), we obtain, as 11---+ CIJ,

-".'2 G"U) 2N(N-i)(n-l)! ( (1))dt= , 1 +0 -- .t nl2 + il112N - t N 2 + 1 (log n )L log n

Now, as n ---+ 00, we have

(
nn inn) "2 ,(? \,' '!I'cosec -+- = _2ie I1l1

" e- 1l1
T:. _. '(I +O(e-"7':!·))

2 2N "

and so

[ (
nn inn) f"'2 G"U) ]

1m cosec -2 + 2N '2' /2N dt
'0 n; + Ill/ - t

=_~ (n -1 )! e-"1t:(2N) (1 + 0 (_1_)) Re[e i1l1['2(N - i)]
N 2 + 1 (log n)2 log n

(12)

=(_1)[~["!2] ;N N(l+ (-lln).'2 T(n) e-""!(2,v)(1+0(_1_)).
N- + 1 (log n)2 log n

(13 )

Substituting (13) in (2), and using the well-known asymptotic expansion

log T(z) = (z-!) log z - z +! log(2n) + O(z-[),

as z---+ x., we obtain the required result (1).
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